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1. Introduction.

We consider k (kg@independemt series of independent trials,

each trial resulting in a success or a failure. The 4-th serieg
2

consists of m, trials with gj)successes and b, failures “’;
t=2a;,t,=2%, ,N: Tnand p, is the probability of a success

for each trial of the i-thseries,
The observations may be summarized in the following table.

Number of
Series successes failures Total
1 -~ b' %n
2 Q, ‘9.: M,
K Qg bk Ny
Total t, t, N

We want to test the hypothesis:

(1.1) Ho © 0 bis paz v = Py
against an upward or downward trends This may be done esg. in
the following ways '

We consider the m; trials of thei-thseries as m; ebserva-
tions of a random variable <, , where =, takes the walues o

-y

and 4 with
(1.2) P[3$&=1]=\0; ) P[%n”}“'Pa y Av bk,

Then H, is identical with the hypothesis that «,,%,.....%« PO
sess the same probability distribution and this hypothesis
may be tested against the above mentioned alternatives by a 1l
ing TERPSTRA's [5] test against trend o the observations of
®Xay oo, %X, o This test is executed as followsg

We apply WILCOXON's two-sample-test to the samples of «;
and %y e Then, if we denote WILCOXON's test ~ statistic for these

two samples by W, . s

=14

x

<
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1) Random variables will be denoted by underlined characters;
values taken by a random variable are denoted by the same cha-
racter, not underlined.

2) Unless explicity stated otherwise 4 and { teke the values
L%, K



def
(1.3) \.’.‘/iqf'-"- z[\:.t:..i -%(\:L%\HQ)] = QMg -y
and for TERPSTRA's test statistic I’ we have

(1.4) WS a[T-2(TIH)] = ZIW,

Consequently

(1.5) W Tz (aumi-agm)

with (cf. [5]

(106) Q‘Z[W"t"Ho]: t\tz(N3- Z‘.’Ht) ,
- 3N (N i)

In section 6 we shall prove that this test is consistent for
the class of alternative hypotheses:

3)
(107) H &wn §;§HMV“’(P P1 # Q

N ZL AQQ‘ 2; Nw ~- Z:.Tx \

«C,A .‘.)ﬁ

and, for sufficiently small «« , for no other alternatives.

Consequently if we apply TERPSTRA's test the class of al-
ternative hypotheses for which the test is consistent depends
on the sample-sizes m, . This means, that as soon as at least
one of the p, differs from the others, the m, may be chosen
such, that the test is consistent, even 1f the p, do not show
a trend at all. According to a remark of J.HEMELRIJX this dis-
agreable property ought to be avoided by choosing the test-
statistic in such a way that the alternative hypotheses, for
which the test is consistent, do not depend on the ratios of
the numbers of observations taken from the different random
variables, except possibly for boundary conditions of a gene-
ral nature.

Taking this into account, the general form of our problen
may be stated as follows. Consider N independent trials, each

trial resulting in a success or a failure. The total number

of successes is t, tZ=N-t;><§x4) is the number of successes
and p, the probability of a success for the A-th trial. Ye now
want a test for the hypothesis

(1.8) Het o pi=Pas o spus

3) If dm TR|Z W -L ZE| o  then (1.7) is identical with
4 A

. my
/l&:'eo Z«'<%”—1(P Pt)#o

4) Unless explicitely stated otherwise \ and b ke the values

La, ..., N,
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which is consistent fqrfthe class of alternative hypotheses

(1.9) Hoo /\\%V\::\.M % 9y P #0
and if possible for no other alternatives, where %x(xzxa‘”., N}

are given numbers.
These numbers must satisfy the condition

(1.10) Z.qy =0

;N
because, if H, is true %.%>¥>x must be equal to zero, in accor-
dance with our wishes as to the consistency (c¢f.(1.9)). Imposing
without any loss of generality, the condition

(1.11) Z g, l=1
we have
(1.12) I%.qxp;\ £ 1.
In the special case (1.7) the class of admissible hypotheses
consists of those values of p,,pa...., py which satisfy
PisPas o+ = P
P""-n"‘\="' =P‘H\’\"\":' m, s Az L2, .0
(1.13) .
K22 , z‘-’h; = N
10"1|+--~+"\'\k_\+l Foeer ® \O'r\‘q-...-vmu
and thus if we take
(1.14) %x = %:"— {m\+...+m&_t< Nogomyte vy
* Az LA, % Y N3 0N
where %L are given numbers and if we put
Py = p: Myt e M e N R M My
(’\:"5) {,L.—.x.a.....\« [ W .
then
(/‘.46) %\:—%k F),z ;QL P;.
Condition (1.10) and (1.11) reduce to
(10/]7) ZCJ: 2 O
and
(1.18) %-\ql\:i
respectively.

Consequently in the case (1.17) %; is proportional to
m; (Zmy - Z.mé), which introduces the m; into (1.9).

4)3
If we take %& proportional to (k+1-24) the above mentio

ned drawback of TERPSTRA's test is avoided and the alternatives,
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for which the test to be developed is consistent, are those,
for which Z (k+i-24) p, = Z.E.(b - B;) #o.

In this paper we shall consider the general case (1.9).
test the hypothesis H, conditionally under the conaltlmnt_t
and we choose, on intuitive grounds as a test-statistic a li-
near combination of the random variables oy ¢

(1.19) W= 2 hy ey,
The hy(A=1.2,...,N) will later on be expressed in terms of
v Gar ot s Gy such that the test is consistent for the class

of alternative hypotheses (1.9)and for no other alternatives.
In the special case of TERPSTRA's test against trend hy(Aet,2,...,N)

is proportional to 2 m, - Z_w% (o +m <X Emckom hshan.k)
&<% Ay

Without any loss of generality we can supvose

(1.20) z;_hﬁ

which means that W is chosen in such a way that'ﬁ[yy}t,A4°]=o
(cf. (2.6)).

2. The mean and variance of W under the hypothesis H..

Under H, and under the condition % =1, the simulta-
nious distribution of the %, isan N-dimensional hypergeome-
tric distribution, i.c.

(2.1) ‘P[QC‘:’-:CIA’:_‘S.Z:;QC,‘A...AQC "ch‘t H] =

Tl

and
(2a2) €[3—CXlt"H°]=% )
(2:3) o™ =, )%, .H,] = tN )
E tlt?.
(2"4‘) 'C'O'\f[q;)\,?_ﬁhltl,Ho] = - m >\'~75§.L

Consequently
2 2
(2.5) a™[W|t, . H) = é oo [ox [t Ho| + z}%hk hpeovlee; o, |5 He] =

t.ot,
= Krza—j} L_ h (Cf. (1;20)),

(2.6) [ W |t, H,] = Z}“A-% -0 (cf.(1.20)).
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3. The asymototic distribution of W under the hypothesis He. _

We consider a sequence of groups of trials, the v-thgroup
of which consists of N, +trials of the kind described in sec~
tion 1 and where

(3¢1) /&/YWN\,:co.

V-3 co

Then we have for eachv: %, successes, 4,,  fallures and a
test-statistic

(3'2) w\,: Xk_h“q_ck 5)

with
(3"3) £[Wv}t|wHo]=O
2 _ Tty hz
(3"4’) a [\_"_Iv\tlv'Hﬂ]“ N(N-1) % Av -
We shall now prove the following theorem:
If the conditions

t, v
1. 200, ih_=00)

(3.5)
L2 Max hiv Zhiv = o)

VEXNEN, 2

or the conditions

4
’1./ -1
Te NyZ Z;Ptm oV -0 for each integer sz
(2]
(3.6)

2o /&/\'Vu'tlzm )/E‘L/nf\.tz:_oo

are fulfilled the random variable
W,
O/[W'v,tcvxF‘O}
is under the sequence of conditions 1%, =t,, and under the
hypothesis H, , for v tending to infinity, asymptotically

nomally distributed with mean o and variance 4.

Proof 6),

For the proof we use theorems by WALD and WOLFOWITZ
[6] , NOETHER [4] and HOEFTDING [3] . To apply these theorems
to our problem we consider the N trials as one observation

o g s e e Mt

5) In this and the following section A and R take the values
1,2,...,N, and all Imits are for v—sco.
6) To simplify the notation we shall omit the index v,
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of each of the random variables y y,,...,y, Where the values
taken Dby these variables form a permutation of the nuabers
€,Cq..., ey LT we take for these numbers a row consisting of

the numbers w, h,,..., hy and if a second rowd, d,.....d, conslsts

.
3

of t, times the number 4 and %, times the numbero,then

(347) L Z dsy, = W.

The above mentioned theorcms state that if
1. all permutations of ¢,,¢,,...,c, have the same prota -
bility,
2. the row{dk}satisfies the condition

/“’“w(ol-k }

=, =00 for each integere«ss
[iafan}]”
(3.8){ where
SRR o PR I
/M"ﬂ{ A}: N x{ TN )‘} ’

3. the row{ck}satisfies the condition

mox { ey -t Te V
T N - 00)
\ 2
2o - el
then the random variable

L,- 2(L,)

(L)
is for y tending to infinity asymptotically normally distri-e

buted with mean o and varisnce 1.

The condition (3.8.1.)is, given the independence of the
trials, fulfilled if and only if H, is true and it is easy
to see that the conditions (3.8.2.)and (3.8.3) reduce to (3¢5e1)
and (3.9.2) respectively.

The above mentioned theorems may also be applied in the
following ways:
If a row {c;} consists of ¢, times the number 1 and t, times
the number ¢ and a row {d;} consists of the numbers h, h,,.,.h,

then

(3‘9) \A[ = Z_C{.'AQCA

where the values taken by o, (h=1.2,... N) form a permutation of
the numbers «,c....ey. (cfesection 1).
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Consequently ;Tiiﬁ;jzﬁ~ is under the hypethesis W, and under
the condition ¢, =t » for v tending to infinity, asymptoti=-
cally normally distributed with mean O and variance 41 if the
row {cﬁ} satisf¥s condition (38.2) and the row {c;}the condi=
tion (3.8.3).

It is easy to see that in this case (3.8.2) reduces to
(3.6.1) and (3.8.3) to (3.6.2).

4, The_conslstency of the test,

In this section we ghall investigate the consistency of
the test for the hypothesis W, if we take a one-sided critical
regilon consisting of positive value of \W . We again consider
a sequence, the v-th term of which consists of N, trials with

A N, = o (cf. section 3),

We suppose that the conditions (3,5) or the conditions
(3.6) are fullfilled; then for large y the conditional critical
reglon under the condition tt='t‘7) consists of those values of
W which satisfy

W >
o [ W it H,]

(4.1)

where o 1s the level of significance and €, follows frem

o0

! jﬁ-%xzd.x::o(..
£

Vare
If an alternative hypothesis H 1is true, a*[w {t,,H.] cenverges
in probability, for v tending to Infinity te

(4,2) L Zhy Ean Zhi (=dim X for showt)
NON- (cf. (2.5).

We define

(4.3) P2 AW H] = Zhyp,

(4.4) = [ WIH] = Z K pyq,-

We can suppose without any loss of generality

(4.5) Z;_}hhl -1,

7) We again omit the index y .
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then ‘
(4.6) . MW(:M‘%hAPx‘§l\

and from (3.5.2) or (3.6.1) follows

(4.7) A ZhY o,

Consequently

(4.8) Airn &> - (cf.( 4.2))
(%.9) L o 20 (cf,(4.4))
If now

(4.10) L-%Z—MM so

then the probability of not-rejecting H, converges in proba-;
bility fory-——+ e to:

(h11) A P <8, ]« Lm Pw-p <o -p].

From (4.8) and(4,10) follows that 0. -p 1s negative for suf-
ficiently large y ; consequently

(4.12)1&”&?[_‘;{: <8.] 2 A PLIW-pl> p- 0] =

é“&-frn, g” =0 . (4,
) R (ot (4.9)),

(4.13) /euvn. Z)\l’\)‘lox < Q

we see 1in the same way that the probability of rejecting H, cone
verges in probability for v—sca to o. If finally

(4.14) &m«L%hA Py =0
the probability of rejecting H, converges in probability for yweto
+(4.15) Ao PLw 2 4, 0]
Consequently if
(x.16) L, 25 5 o
a
and
(.17) 425 Am L

T



then
(4.18) &meggdq]gm{g—; <1

The condition (4.16) is satisfied, if
(4.']9) /&,m_ -Z.T\J‘E} ,/va —-%\—lﬂg'- >0

but this is not necessary the case if (4.16) is fullfilled. The

class of alternative hypotheses with Lim ?;“: zaand Lim 2;-"‘>~|°A"°

is of a rather unusual character, but it may be worthly of fur-

ther investigation, because probably for at least a part of this
class the test is also consistent.

5. Summary.
Substituting 9s
the following results. If we ‘use the test-statistic

for h, in the above formulae, we getb

(5.1) \/_‘_J= Z;—‘i)'c_cx.

where %x(hst.m“..N) are given numbers, satisfying

(5.2) = gy
then

(5.3) 2wt M) =o

(5.4) 0'2'[ w}t‘“Ho] x —!‘%—T:T%T) ; %:
If

(5:3) Z;l %xl‘ 1

and if the conditions

— +, ta
(5.6) 1, T =O(|) and T=O(()f0r N-—éco‘

(cf. (3.5))

MNELK
2.L%5L§L_=qou for N oes
bY ﬁk

or the conditions:
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N -E-ﬁ%-— = Q) forvaeand each integer ~>2 ,
(5.7 Zaqrl™ (ef. (3.6))

2.’8%'{3‘:@ ,hmt,_:oc

are satisfied and

(5.8) e T8 _ Ai ERLEDED (cf. (4.16))
a? NN -1) Z)\_c%’;pko“
and
(5.9) 42y A T2 | (ct. (4.17) ).
g

then the test is consisfient for the class of alternative hypo-
theses

and for no other alternatives, and the conditional distribution
ET—X%g——— is under the hypothesis H, for ¥ -e asympto-
\a

tically normal,

6. Examples,
1. Suppose we want to test the hypothesis H, against the
alternative hypotheses of trend, where a trend is defined by

“H 2 (px-pr) # o

From ><V.(PA“FWJ_ Z;(N*w—zk)F> follows that g,

proportional to N +v-ax(X=<t1,2,...,N)and therefore condition (5.2)
is satisfied.
If we take

(6.1) %k=z-ﬁ%§31 A= 2.0, N

then te conditims (5.5), (5.6.2) and (5.7.1) are all fullfilled.
The test-statistic is

(6.2) W o= ZA‘_(N-\-\-—?_A) xy = §-<2‘;\:( :_9’_‘)

with

(6.3) Elw)t, Ha <o,

(6.4) o W b, Wo] = Bba T (Nw1-a3) = L5, (N+1),

N(N—\) X
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and the test is consitent for the class of alternative hypothe-
ses

(6.5) ﬂ’“:;‘»% EE(P;\'PH*O

and for no other alternative hypotheses 1f (5.8) and (5.9) are
satisfied,

2. Suppose the class of admissible hypotheses consists of
those values of p, p,,...,p, which satisfy (1.13), From sec-
tion 5 it follows then that if we take as a test-statistic

(6.6) R

where al(i=ua,“.,k)are given numbers, satisfying

(6-7) ;- %:‘ =0

then

(6.8) LW |4, ] =0,

(6.9) LW b, He = —2ta T %,

N(N-1) T mg

The test 1s then consistent for the class of alternative hypo-
theses

(6.10) Lo Z g Pl %o (efy (1.16) )

N - oo A

and for no other alternatives, if

(6.11) Zlgi| =1 (ef. (5.5) ),
the conditions
%, 1.
1. — - 0¢) and =0y for N —oo
6.12) . g N (cf. (5.6) )
( ) ' Y X :\5, * )
2- \BlaR m. - 0(\) for N —_—
e

or the conditions

e [§l;%%7}/ =()(0
s A

A My

2, ’&mxt.:m and &l\'ﬂ"hz-_—m

1. N

(6.13) (cf. (5.8) )

are satisfied and if furthermore the conditions
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V2

(6.14) Lo, % = L ;“':M&F;k;h;q;_,?‘:% >0 (ef.(5.8)
NLN“‘\Z-‘_‘%‘LP‘\'Q-L
(6-15) ‘g: Y M%:;— (Cfa(509)

[ g NPy

are fullfilled. Consequently if %; is independent of m, m,,
the test is consistent for a class of alternative hypotheses which

Ve ey

does not depend on the sample sizes E.g. if we take

(6.16) qh = 2 Le 2.,k

then the conditions (6.7) and (6.11) are satisfied. If k is {1~
nite condition (6.12,2) is fullfil.led if

L. My = oo for i BfL
(6.17) N =<
: . M, € o0 for i = kxt
N —reo %

and (6.13.1) is fullfilled if

(6.78) 1::::“" > for g Ky
K, i for i = kxu
N —»ee N 2

The test-statistic is

(6.19) W=ZZ (% -2i)-22 Waj  (ef.(1.3)),
eq v ™4 A< mimyg

with

(6.20y  ElWu, R o

6. . _tita (ker-2i)”

(6.21) LW 4R e e 2 SRR

and the test is consistent for the class of alternative hypothecrs

6.22) /&m - Z L (- p;) #0

N 2o L<1

and for no other alternatives if (6.14) and (6.15) are fullfilled.
For TERPSTRA's test-statistic we have

(6.23) g, = mi (Zmi - B mi) (cf. (4.3) and (1.4)).
) Z““«lz%“i "‘2%“1\

Condition (6.12.2) reduces to

(6.20) Tk (HizFZmmi) oy

for N —c
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and (6.13.1) reduces to

a3
fy =\ > N . _‘Z’ .
(6.25) N X m&(‘Z‘]Mi A.»gm'&‘}/l ;-_OL\) for N — oo and
[N3 - Zlmz] each integer w»2.

A

From (6.9) it follows, that

tita (N = '2}'\'\;\)

(6.26) Q-‘»[\& t-{;”HO} = ;(':11 \) Z_m~(z_ my - Eﬁmﬁ TN (N

with

(6.27) W= X Z(g;_m-a-gim;,) (ecf. (1.6) ).
-i.<.é

The test is consistent for the class of alternative hypotheses

(6.28)  li, e mimilbiobi)
N =0
Z'{la} Ziﬂ'l.&- Z.'\'\-a\
and for no other alternatives 'if (6.43) and (6.15) are fullfilled.

If

(6.29) K b

then (6.28) is identical with

(6.30) Ao T X RERL (s - py) +

N oo 4w 4

and as
(6.31) bi-Ppi= Pl > ?Si-k ‘?[":‘9;<"—‘ri1
(6.30) is identical with

(6.32) A ZZ-—&-{P[M>0@A ~ Pl < %, ]% 0.
N —cq A <4

7. Remarks,

1. The test of example 41 and TERPSTRA's test may also be de-
rived in the following way:

Consider two random variables x and Y where, in two samp-
les of size t, and t,respectively, a« and y have taken the value.i
o, and b, times respectively, If L 1s the test-statistic of

WILCOXON's test applied to these two csamples then
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(7'1) ZEL:\I_\l +'b"t;.

Hemelrijk [1] and [2]has proved that the hypothese H, under
the condition %, -t, 1s i1dentical with the hypot™esis that «
and y possess the same probability distribution, Consequently

(7.2) BlwWlti He] = 28] ult, Hal 2ty =0

. Ea (NY = Zomd)
(7.3)  a’'[wit,Hel = 4™ [UftiHe] = 4 tmN(N-.};r

or, if allm; are equal to 1 (example 1):

a 4 (_N-\-l)
(7.%) o' [w)t., He = 4. a2

For the case that all m are equal to 1 the exact distribution
of U under the hypothesis H, 1s known for small valuegof +,
and %, 3 therefore in this case an exact test 1s possible.
2, If m;.m for each 4 TERPSTRA's test is identical with
the test given by (6.19). Consequently
a. Ifm;am for eah 41 Terpstra's test is consistent for
a class of alternative hypotheses which does not de-
pend on the gample-8izes,
b, if m;.m for each i tha test given by (6.19) is i-
dentical with Wilcoxon®s two sample test applied fto
the samples of « and y (cf. remark 1).
3.In the preceding sections we proved that If we take as a
test-statistic

(7.5) W= 22 ...\'A:'J....
A< Moy
instead of TERPSTRA's test-statistlc X L W,, the test is
consistent for the class of alternative hypotheses
b 5 2 X (Bl -Fy) #o
which is independent of the sample-sizes.

If now ¢, possesses a continuous or a discrete distri-
bution function and if m; observations of <¢; are glven
(i=1,2,..k1t may be proved that if we take (7.5) as a test-statis-
tic to test the hypothesis Hy thatw o,,..,
distributionfunction instead of TERPSTRA'S test-statistic the
Test is consistent for the class of alternative hypotheses

Lion. L7 T X {’szcwe_c%] ~Ploc< x| #0

1
Neo K* "Fy
which again does not depend on the m;,

%, Possess the same
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L, The test described in the preceding sections may be gene-
ralised e,z. in the following way: L
Consider N random variables ,,%,,....,%, Wwhere 2ty takes
the valuesx,aw..,z with probabllities by, by,..- B2t respectively
(A=1,2.....N b Pag et for each) ). Given one observation of
each of these random variables we want to test the hypotheses
H, that «x,, <,,... .o, Possess the same prohability distribution,
which is identical with

b= Pai= 0= Pui for each i (4= 2.2},
against the alternative hypotheses

AZ‘;%A:\.PXA +0,

where %A£(A=\,2PH,N; i=v2,...,4) are given numbers. If H, is true

%Z;%u‘i)n= Z;F; %q».
and this must be equal to zero. Consequently the numbersq,, must
satisfy the conditions

2} Gxi =0 for each &+ (4i=12.....4).
If 2.2

.:‘{: Z‘:— %k; Pas = %‘ (%«\c PM +%)1F52.) = §‘<CﬁX\ ..(3)\2) FM + %‘%M:
2 2 (- Q) pri= S R

where

TPV P PR T

and PA-;Q PX\ 3 )\I ‘,2‘Q.“N‘
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